We prove a strong convergence theorem for an infinite family of asymptotically strict pseudocontractions and an infinite family of equilibrium problems in a Hilbert space. Our proof is simple and different from those of others, and the main results extend and improve those of many others.
Introduction
Let C be a closed convex subset of a Hilbert space H. Let S : C → H be a mapping and if there exists an element x ∈ C such that x Sx, then x is called a fixed point of S. The set of fixed points of S is denoted by F S . Recall that 1 S is called nonexpansive if It is clear that every asymptotically nonexpansive mapping is an asymptotically 0-strict pseudo-contraction and every κ-strict pseudo-contraction is an asymptotically κ-strict pseudo-contraction with γ n 0 for all n ≥ 1. Moreover, every asymptotically κ-strict pseudo-contraction with sequence {γ n } is uniformly L-Lispchitzian, where L sup{ κ 1 γ n 1 − κ / 1 − κ : n ≥ 1} and the fixed point set of asymptotically κ-strict pseudocontraction is closed and convex; see 3, Proposition 2.6 .
Let Φ be a bifunction from C × C to Ê, where Ê is the set of real numbers. The equilibrium problem for Φ : C × C → Ê is to find x ∈ C such that Φ x, y ≥ 0 for all y ∈ C. The set of such solutions is denoted by EP Φ .
In 2007, S. Takahashi and W. Takahashi 5 first introduced an iterative scheme by the viscosity approximation method for finding a common element of the set of solutions of the equilibrium problem and the set of fixed points of a nonexpansive mapping in a Hilbert space H and proved a strong convergence theorem which is connected with Combettes and Hirstoaga's result 6 and Wittmann's result 7 . More precisely, they gave the following theorem. 
A3 for all x, y, z ∈ C,
A4 for all x ∈ C, y → Φ x, y is convex and lower semicontinuous.
Fixed Point Theory and Applications 3
Let S : C → H be a nonexpansive mapping such that F S ∩ EP Φ / ∅, f : H → H be a contraction and {x n }, {u n } be the sequences generated by
x n 1 α n f x n 1 − α n Su n , ∀n ≥ 1,
1.6
where {α n } ⊂ 0, 1 and {r n } ⊂ 0, ∞ satisfy the following conditions:
|r n 1 − r n | < ∞.
1.7
Then, the sequences {x n } and {u n } converge strongly to z ∈ F S ∩ EP Φ , where z P F S ∩EP Φ f z .
In 8 , Tada and Takahashi proposed a hybrid algorithm to find a common element of the set of fixed points of a nonexpansive mapping and the set of solutions of an equilibrium problem and proved the following strong convergence theorem. 
where {α n } ⊂ a, 1 for some a ∈ 0, 1 and {r n } ⊂ 0, ∞ satisfies lim inf n → ∞ r n > 0. Then {x n } converges strongly to P F S ∩EP Φ x.
Many methods have been proposed to solve the equilibrium problems and fixed point problems; see 9-13 .
Recently, Kim and Xu 3 proposed a hybrid algorithm for finding a fixed point of an asymptotically κ-strict pseudo-contraction and proved a strong convergence theorem in a Hilbert space.
4
Fixed Point Theory and Applications Theorem 1.3 see 3 . Let C be a closed convex subset of a Hilbert space H. Let T : C → C be an asymptotically κ-strict pseudo-contraction for some 0 ≤ κ < 1. Assume that F T is nonempty and bounded. Let {x n } be the sequence generated by the following algorithm:
where
Assume that the control sequence {α n } is chosen such that lim sup n → ∞ α n < 1 − κ. Then {x n } converges strongly to P F T x 0 .
In this paper, motivated by 3, 8 , we propose a new algorithm for finding a common element of the set of fixed points of an infinite family of asymptotically strict pseudocontractions and the set of solutions of an infinite family of equilibrium problems and prove a strong convergence theorem. Our proof is simple and different from those of others, and the main results extend and improve those Kim and Xu 3 , Tada and Takahashi 8 , and many others.
Preliminaries
Let H be a Hilbert space, and let C be a nonempty closed convex subset of H. It is well known that, for all x, y ∈ C and t ∈ 0, 1 ,
and hence
which implies that
for all {x i } ⊂ H and {t i } ⊂ 0, 1 with
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For any x ∈ H, there exists a unique nearest point in C, denoted by P C x, such that
Let I denote the identity operator of H, and let {x n } be a sequence in a Hilbert space H and x ∈ H. Throughout the rest of the paper, x n → x denotes the strong convergence of {x n } to x.
We need the following lemmas for our main results in this paper. 
Then the following hold: 
Main Results
Now, we are ready to give our main results.
Lemma 3.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let T : C → C be an asymptotically κ-strict pseudo-contraction with sequence {γ n } ⊂ 0, ∞ such that F T / ∅. Assume that {β n } ⊂ κ, 1 and define a mapping S n β n I 1 − β n T n for each n ≥ 1. Then the following hold:
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Proof. For all x, y ∈ C, we have
3.2
By this result, for all x ∈ C and x * ∈ F T , we have
This completes the proof.
Lemma 3.2. Let C be a nonempty closed subset of a Hilbert space H.
Let T : C → C be an asymptotically κ-strict pseudo-contraction with sequence {γ n } ⊂ 0, ∞ satisfying γ n → 0 as n → ∞. Let {z n } be a sequence in C such that z n − z n 1 → 0 and z n − T n z n → 0 as n → ∞. Then z n − Tz n → 0 as n → ∞.
Proof. The proof method of this lemma is mainly from 15, Lemma 2.7 . Since T is an asymptotically κ-strict pseudo-contraction, we obtain from 3, Proposition 2.6 that
where L sup{ κ 1 γ n 1 − κ / 1 − κ : n ≥ 1}. Note that z n − z n 1 → 0, which implies that T n 1 z n − T n 1 z n 1 → 0, and observe that
3.6
7
Since T is uniformly Lipschitzian, T is uniformly continuous. So we have
It follows from z n − z n 1 → 0 and z n − T n z n → 0 as n → ∞ that lim n → ∞ z n − Tz n 0. This completes the proof.
Let H be a Hilbert space, and, let C be a nonempty closed and convex subset of H. Let {Φ n } be a countable family of bifunctions from C × C to Ê satisfying A1 -A4 and let {r n } be a real number sequence in r, ∞ with r > 0. Define
Lemma 2.2 shows that every T r i i ≥ 1 is a firmly nonexpansive mapping and hence nonexpansive and F T r i EP Φ i . Assume that {α i } is a strictly decreasing sequence in 0, a for some 0 < a < 1, {θ n } is a strictly decreasing sequence in 0, 1 , {β i,n } is a sequence in κ i , κ with 0 < κ i < κ < 1 for each i ≥ 1, and {r n } is a sequence in r, ∞ with r > 0. The sequence {x n } is generated by x 1 x ∈ C and z n θ n x n n i 1
where {T r i } is defined by 3.8 and
3.10
Then {x n } converges strongly to P Ω x.
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Proof. We show first that the sequence {x n } is well defined. Obviously, C n is closed for all n ≥ 1. Since
is equivalent to
C n is convex for all n ≥ 1. So D n n j 1 C j is also closed and convex for all n ≥ 1. For each n ≥ 1 and i ≥ 1, put S i,n β i,n I 1 − β i,n T n i . Let p ∈ Ω. Note that θ 0 1, {θ n } is strictly decreasing and each T r i is firmly nonexpansive. Hence we have
3.13
Since α 0 1 and {α n } is strictly decreasing, by 3.13 and Lemma 3.1, we have
3.14 So we have p ∈ C n and hence p ∈ D n n j 1 C j for all n ≥ 1. This shows that Ω ⊂ D n for all n ≥ 1. This implies that the sequence {x n } is well defined.
Since Ω is a nonempty closed convex subset of H, there exists a unique z * ∈ Ω such that
3.15
From x n 1 P D n x, we have
9
Since z * ∈ Ω ⊂ D n , we have
Therefore, {x n } is bounded. From 3.13 and 3.14 , {z n } and {w n } are also bounded. From x n 1 P D n x and D n 1 ⊂ D n , one sees that x n 2 P D n 1 x ∈ D n 1 ⊂ D n for all n ≥ 1. It follows that
3.18
Since {x n } is bounded, the sequence { x − x n } is bounded and nondecreasing. So there exists
3.20
So we get
Now, for each l ≥ 1, from 3.23 we get
As direct consequences of Theorem 3.3, we can obtain the following corollaries. 
3.48
where {T r i } is defined by 3.8 and {θ n } is a strictly decreasing sequence in 0, 1 . Then {x n } converges strongly to P Ω x.
Proof. Putting T i
I for all i ≥ 1 and α n 0 for all n ≥ 1 in Theorem 3.3, we obtain Corollary 3.4. where {θ n } ⊂ 0, 1 , {α n } ⊂ 0, a with 0 < a < 1, and {β n } ⊂ κ, κ with κ < κ < 1. Then {x n } converges strongly to P F T x.
Proof. Put Φ i x, y 0 for all x, y ∈ C and set r n 1 for all n ≥ 1 in Theorem 3.3. By Lemma 2.2, we have T r i x n P C x n for each i ≥ 1. Hence, by Theorem 3.3, we obtain Corollary 3.5. in , κ i 1/4 1/ 3 i , α n 1/ 1 n , θ n 1/4 1/8n, β i,n 1/4 1/ 3 i 1/8n for all i ≥ 1 and all n ≥ 1, r 0 1, and r n 1 1/n. Then these control sequences satisfy all the conditions of Theorem 3.3.
